The stability and convergence of a linearly extrapolated second order backward difference (BDF2-LE) time-stepping scheme for solving viscoelastic fluid flow in R d , d = 2, 3, are presented in this paper. The time discretization is based on the implicit scheme for the linear term and the two-step linearly extrapolated scheme for the nonlinear term. Mixed finite element (MFE) method is applied for the spatial discretization. The approximations of stress tensor σ , velocity vector u and pressure p are P m -discontinuous, P k -continuous and P q -continuous elements, respectively.
Introduction
In this paper, we consider the time-dependent incompressible viscoelastic fluid flow problem To resolve the nonlinear terms, they used a three-step extrapolation for the prediction of the velocity and stress at the new time level. The approximation is stabilized by using a discontinuous Galerkin approximation for the constitutive equation. Assume that t is sufficiently small and satisfying t ≤ Ch d/ , the existence of an approximate solution is proven. A priori error estimate for the approximation in terms of t and h is also derived. In [], Ervin and Miles analyzed the finite element spacial semi-discrete and Euler semi-implicit fully discrete schemes, which were stabilized by using a streamline upwind Petrov-Galerkin (SUPG) for the constitutive equation. Bensaada and Esselaoui in [] presented error analysis of a modified Euler-SUPG approximation for the time-dependent viscoelastic flow problem. In [] , based on a splitting of the error into two parts: the error from the time discretization of the PDEs and the error from the finite element approximation of corresponding iterated time-discrete PDEs, the authors carried on unconditional error estimates for time-dependent viscoelastic fluid flow.
In this work, we consider the convergence of BDF-LE in time and MFE in space for the viscoelastic fluid flow. The backward difference formula (BDF) class of multi-step schemes has been widely used as time integration method for both ordinary and partial differential equations, see [-] . The BDF is one of the most popular BDF schemes due to its stability and damping properties [] . Girault and Raviart introduced and analyzed a firstorder and second-order BDF temporal semi-discrete schemes for Navier-Stokes equations in [] . An unconditionally stable decoupled BDF time-stepping scheme was analyzed for Boussinesq type Navier-Stokes equation in [] . To the best of our knowledge, there is no rigorous convergence analysis available yet for the viscoelastic fluid flow by using BDF-LE in time. We will propose and analyze a coupled scheme which belongs to this class.
This article is organized as follows. In the next section, we introduce some notations and preliminaries related to a continuum and discrete problem. In Section , we propose the extrapolated time-stepping scheme, prove the existence of the numerical solution and establish the stability analysis. The error analysis for the general scheme is presented in Section . We also present numerical tests to confirm the theoretical results in Section . Finally, some conclusions are drawn.
Notation and preliminaries
We denote the L  ( ) norms and corresponding inner products by · and (·, ·). Likewise, The velocity and pressure spaces are
respectively. The stress space S and divergence-free functions space V are given by
A weak formulation of (.a)-(.c) is as follows:
for all (τ , v, q) ∈ (S, X, Q) with the initial condition (.) a.e. in , where the trilinear oper-
By virtue of the divergence-free space V , the weak formulation of (.a)-(.c) can be written as follows: Find (σ , u) ∈ (S, V ) such that, for all (τ , v) ∈ (S, V ),
Here we assume that the initial-boundary value problem (.a)-(.) has a unique solution satisfying the regularity conditions
(.)
By using ∇ · u =  and u =  on ∂ , it is easy to see that (D(u), D(v)) = (∇u, ∇v), and
In order to keep the exposition simple, we restrict our attention to convex polyhedral domains. Suppose that T h is a uniformly regular triangulation of such that = { K :
where h K is the diameter of K , ρ K is the diameter of the greatest ball included in K , and
The corresponding FE spaces are
where P m (K) denotes the space of polynomials of degree ≤ m on K ∈ T h .
We make the following assumptions on the finite dimensional subspaces.
Let σ (σ ) ∈ S h be a P m continuous interpolant of σ , and if σ ∈ H m+ ( ) d×d , we have that
Assumption A (Discrete inf-sup condition) For each q h ∈ Q h , there exists a nonzero
where β is a positive constant independent of the mesh size h.
Assumption A For each ω h ∈ X h , one has the inverse inequality, the Poincare inequality and the second Korn's inequality
where C i , C p and C k are the positive constants, which only depend on .
There are many finite element spaces satisfying Assumptions A-A, such as the MINI (P  b, P  ) elements, or the Hood-Taylor (P  , P  ) elements for the velocity u and pressure p, and P  (or P  ) discontinuous element for stress tensor σ .
The discretely divergence-free velocity space is denoted by
Remark . The divergence-free space V h is introduced only for theoretical analysis. The practical computation should be based on the finite element space pair (X h , Q h ) for velocity and pressure. We refer the readers to Heywood and Rannacher [, ] for the details on the construction of (X h , Q h ).
Here we present a result which will be used in the stability analysis and error estimate for pressure. Since the divergence-free space V h ⊂ X h , we can define the norms of the dual spaces X h , V h by
In order to describe the approximation of the constitutive equation by the method of discontinuous finite elements, following [], we define
where ∂K is the boundary of K ∈ T h , and n is the outward unit normal to ∂K , and
which implies some 'coercivity' of B []: 
It follows from Taylor's formula with integral remainder that []
where (t -t n- ) + = max((t -t n- ), ). By the Cauchy-Schwarz inequality, we have the truncation error
where the constant C T is derived from Taylor's formula. The BDF operator (ω(t n+ )) satisfies the relation []
The discrete Gronwall's lemma [] plays an important role in the following analysis.
Lemma . Let t, H, and a n , b n , c n , γ n (for integers n ≥ ) be nonnegative numbers such that
Suppose that tγ n <  for all n, and set
Remark . If the first sum on the right in (.) extends only up to l -, then estimate (.) holds for all n >  with ζ n = .
Throughout the paper, the constants C  , C  , . . . denote different constants which are independent of h and t.
Numerical scheme and its stability
In this section, we first present the linearly extrapolated BDF scheme, then study the existence of numerical solutions, and finally establish stability of the numerical scheme.
Numerical scheme
By virtue of the divergence-free subspace V h , Scheme . can be written as another form (Scheme .) which is used in stability analysis in this section and error analysis in Section .
We see that Scheme . (or Scheme .) is a linear extrapolation (semi-implicit) scheme, which is preferred over a fully implicit scheme (see Scheme . in Section ) as it requires only solving the linear system in each time level.
Remark . Since Scheme . is a two-step scheme, it requires starting values (u
) and both with second order accuracy. For simplicity, here we take (u
) is second order accuracy. We can also use the way as [, ] to get the value (u 
The existence and uniqueness of the numerical solution
To ensure the computability of Scheme ., we begin by showing that it is uniquely solvable for u h and σ h at each time level.
Before proving the existence of solutions, we need to introduce the following induction hypothesis:
In Section , we will prove that the induction hypothesis IH is right for any n = , , . . . , N .
Lemma . Under the condition of hypothesis IH, for t ≤ min{
Proof
in (.c), adding together the three equations thus obtained, we deduce that
where the bilinear form
We now estimate the nonlinear terms on the right-hand sides (RHS) of
In view of (.) and the Holder inequality, we deduce that
Combining the above inequalities with (.) yields 
Numerical stability of Scheme 3.1
For time step t small enough, Scheme . is stable and satisfying
Multiplying (.) by α and adding to (.) yield the single equation
Furthermore, we have
Using identity (.) to (.), we get
Summing (.) from n =  to l - and using the identity
In order to use the discrete Gronwall Lemma ., here we set
For time step t such that γ n t ≤   , thus using the discrete Gronwall lemma to (.) yields the result (.). Now we bound the pressure. As V h ⊂ X h , for all v h ∈ V h , we have from (.a)
Dividing by ∇v h and using the Cauchy-Schwarz inequality, we get
Taking the supremum over v h ∈ V h yields
The bound along with Lemma . provides the following estimate:
From (.a) we have
Dividing by ∇v h and using the Cauchy-Schwarz inequality yield
Taking the supremum over v h ∈ X h and using the inf-sup conditions (.), we have
Now multiplying by t, summing over n from  to l - and using the bound (.), we get the required result (.).
Error analysis of BDF2-LE scheme
We proceed to give an a priori error estimate for the BDF-LE Galerkin FEM. In order to simplify the descriptions, we denote 
where ( u (u), p (p), σ (σ )) denote the elements in X h × Q h × S h and satisfy the approximation properties (.)-(.). To establish the error estimate, we introduce the following discrete norms:
and
Proof At time t n+ = (n + ) t, the true solution (u, p, σ ) of (.a)-(.b) satisfies 
where
Multiplying (.a) by α and adding to (.b), using the 'coercivity' (.) of B(·, ·, ·) yield the single equation
Applying identity (.) to (.) yields
Multiplying both sides of (.) by  t, summing (.) with respect to n from  to l and using identity (.) give
Note that
We proceed to bound each term on the RHS of (.), absorb like-terms into the lefthand side.
We first estimate the linear terms of F  (ϕ n+ u ) in (.). For the pressure term, using the Cauchy-Schwarz, Korn's and Young's inequalities, we have
Similarly, we see that
For the nonlinear terms of F  (ϕ n+ u ), using the Cauchy-Schwarz inequality, Young's inequality, the regularity assumption (.) of velocity and hypothesis IH, we obtain
Combining (.)-(.), we have the following estimate of αF  (ϕ n+ u ):
Now we bound the terms of F  (ϕ n+ σ ) in (.). For the first three linear terms, applying the Cauchy-Schwarz inequality and Young's inequality, we obtain
We estimate some nonlinear terms of the convection term about σ . The first nonlinear
Note that the term λ σ n+,+ -σ n+,-, ϕ n+,+ σ h, (ϕ n+ u ) =  due to the continuity of σ . The other two terms on the RHS of (.) may be bounded by
Similarly as (.), we write the second nonlinear term λB( (η
Using the same method as (.) to estimate the three terms on the RHS of (.) leads
where we have used the continuity of σ n+ in (.).
By the same way, the third nonlinear term λB( (u
For the first term in (.), using (.) and hypothesis IH, we can get
Making use of inverse inequality (.), (.) and hypothesis IH to the second term in (.) yields
Applying the continuity of η n+ σ to the third term on the RHS of (.) leads to
Using ∇ · u =  and the continuity of σ n+ to the term λB(
We will estimate the last five terms of F  (ϕ n+ σ ) in (.). Applying the Cauchy-Schwarz inequality, Young's inequality, Korn's inequality, the regularity assumption (.) of velocity and hypothesis IH, we can obtain
Combining inequalities (.)-(.), we obtain the estimate for F  (ϕ n+ σ )
We now apply the approximation properties (.)-(.) to the terms on the RHS of (.). Using elements of order k for velocity, elements of order m for stress, and elements of order q for pressure, we have
In view of the truncation error (.) and the interpolation properties (.), we can obtain
Then we have
In order to use the discrete Gronwall Lemma ., here we set pairs (P  b, P  , P  dc) and (P  , P  , P  dc) to approximate velocity, pressure and stress tensor on a uniform triangular grid (see Figure  for h = √ /), respectively. Tables  and  are numerical results of the BDF-LE scheme (.a)-(.c) by using (P  b, P  , P  dc) elements and (P  , P  , P  dc) elements, respectively. We see that |||D(e u )||| , error has optimal convergence rate; however, |||e σ ||| ∞, , |||e σ ||| , and |||e u ||| ∞, errors are not optimal, while |||e p ||| , is super-convergence for (P  b, P  , P  dc) elements.
Choosing t = .h and using (P  , P  , P  dc) elements, we present the results in Table  to verify time convergence order. It is easy to see that the time convergence order is two.
In order to test the computational efficiency, we compared the CPU time of the BDF-LE scheme (Scheme .) with the classical fully implicit BDF scheme (Scheme .). Scheme . (BDF fully implicit scheme) Given u
Unlike the BDF-LE, the classical fully implicit BDF presented in Scheme . requires to solve a nonlinear problem at each time level. We employ the Newton iterative method. When relative nonlinear residual is less than  - , the Newton iteration is stopped. The results of Scheme . are presented in Tables  and .  Comparing Tables - with Tables - , respectively, we find that two numerical schemes have the same level of accuracy, while the BDF-LE scheme can save significant CPU time for both (P  b, P  , P  dc) elements and (P  , P  , P  dc) elements.
4-to-1 planar contraction flow
Numerical simulations of viscoelastic flow through a planar or axisymmetric contraction have been widely studied in [, ] . Here the case of planar flow through a contraction geometry with a ratio of : with respect to upstream and downstream channel widths is considered. The contraction angle is fixed π/, and the channel lengths are sufficiently long to impose a fully developed Poiseuille flow in the inflow and outflow channels. The Table 5 Errors and CPU performance of a fully implicit BDF2 scheme by using (P 2 , P 1 , P 2 dc) finite element for T = 0.1,and t = 0.1h 2 Symmetry conditions are imposed on the bottom of the computational domain. Besides, the parameters Re, α, λ and a are chosen to be , /, . and , respectively. We performed the following study: starting from rest, we measured the time that the approximation solution reaches a steady state by using (P  b, P  , P  dc) elements. The criterion to stop this process is the following: observe that it converges towards a steady state, while the kinetic energy of velocity has some oscillations at the beginning.
1/h
Figures  and  present the horizontal and vertical velocities near the reentrance corner along the vertical line x = .. We observe that the horizontal velocity is almost continuous, while the vertical velocity has high gradients near y = .. However, we find that the solutions of the time-dependent problem can converge to the solutions of the steady problem.
We plot the streamlines of velocity for the steady problem and the time-dependent problem at final time t = . in Figure  
Conclusions and discussions
In this work, we have applied the BDF-LE time-stepping scheme with Galerkin finite element to solve the time-dependent viscoelastic fluid flow in R d , d = , . We establish the stability analysis and a priori error estimates. Some numerical tests are provided to support the theoretical results and to demonstrate the effectiveness of the method. Also, our analysis can be easily extended to the BDF-LE decoupled scheme and other nonlinear viscoelastic fluid flow.
